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Abstract. There has been interest during the last decade in properties of the 
sequence gcd(a" — 1, 6" — 1), n = 1, 2, 3, .... where a, b are fixed (multipHcatively 
independent) elements in one of Z,C[T], or Vq[T] . In the case of Z, Bugeaud, 
Corvaja and Zannier have obtained an upper bound exp(en) for any given e > 
and all large n, and demonstrate its sharpness by extracting from a paper of 
Adleman, Pomerance, and Rumely a lower bound exp (exp ( c „ ) ) for infin- 
itely many n, where c is an absolute constant. This paper generalizes these 
results to gcd(<i>Ar(a"), $Ar(6")) for any positive integer N, where ^n{x) is the 
Nth cyclotomic polynomial, the preceding being the case = 1. The upper 
bound follows easily from the original, but not the lower bound, which is the 
focus of this paper. The lower bound has been proved in the first author's Ph.D. 
thesis for the case N = 2, i.e. for gcd(a" + 1, 6" + 1). In this paper we prove the 
lower bound for arbitrary A^ under GRH (the generalized Riemann Hypothesis). 
The analogue of the lower bound for gcd(a" — 1, 6" — 1) over Fg[T] was proved 
by Silverman; we prove a corresponding generalization unconditionally. 



1. Introduction 

In recent years there has been interest [5], [2], [12] in sequences of the form 

gcd(a" - 1,6" - 1), n = 1,2,3,.... 

where a, b are fixed elements in one of Z, C[T], or Fg[T]. Motivated by recurrence 
sequences and the Hadamard quotient theorem, Bugeaud, Corvaja and Zannier 
[3], bounded the cancellation in the sequence by proving the following upper 
bound result: 

Theorem 1.1. [3] Let a,b be multipHcatively independent positive integers, e > 0. 
Then loggcd(a" — 1, 6" — 1) < en for all sufficiently large n. 

Moreover, it is conjectured in [2] that if the additional (necessary) condition 
gcd(a — 1, 6 — 1) = 1 holds, then gcd(a" — 1, 6" — 1) = 1 for infinitely many n. 

Returning to [3], in order to show that Theorem 11.11 is close to best possible, it 
is remarked in [3] that one can derive from a paper of Adleman, Pomerance, and 
Rumely [1] a lower bound result: 
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Theorem 1.2. [3j For any two positive integers a,b, there exist infinitely many 
positive integers n for which loggcd(a" — 1, 6" — 1) > exp(c j^°f^^^ ), where c is an 
absolute constant. 

The resuh in from which this is derived is an improvement of a resuh of 
Prachar [TU] : 

Theorem 1.3. [lOj Let 6{n) denote the number of divisors of n of the form p—1, 
withp prime. Then there exist infinitely many n such that 6{n) > exp(clogn/ (log log 

The improvement in [1] (with a similar proof) removes the exponent 2 (and the 
p — 1 are squarefree) : 

Theorem 1.4. [Ij Let 6{n) denote the number of divisors of n of the form p — 1, 
with p prime and p—1 squarefree. Then there exist infinitely many n such that 
5 in) > exp(clogn/loglogn). 

It is interesting to note that in \TU\, Prachar was motivated by a paper of Nobauer 
[9] which dealt with the group of invertible polynomial functions on Z/nZ and 
particularly the subgroup of functions of the form x'', whereas in fT], Adleman, 
Pomerance and Rumely were motivated by the computation of a lower bound on 
the running time of a primality testing algorithm. 

In his Ph.D. thesis the first author tests the robustness of these results and 
asks what happens to Theorem 11.21 if gcd(a" — 1,6" — 1) is replaced by gcd(a" + 
1, 6" + 1) or by gcd(a"' + 1, 6" — 1), and proceeds to prove the analogous results for 
these sequences, using [Xj: 

Theorem 1.5. [4J For any two positive nonsquare integers a,b, there exist infin- 
itely many positive integers n for which log gcd{a"'+l,b"'+l) > exp(c jj°^^g^ ), where 
c is a constant depending on a and b. The same result holds for gcd(a" + 1, 6" — 1). 

(The corresponding analogues of Theorem 11.11 follow immediately from 

If one observes that the polynomials x — 1 and x + 1 are the first and second cy- 
clotomic polynomials ^n{x), N = 1,2, we ask if Theorems 1 1 . 1 1 and 1 1 . 2 1 also hold for 
gcd($Ar(a"'), $Ar(6")) for any positive integer A^, or even for gcd($M(a"), '^'Ar(&"')) 
for suitable positive integers M, N. For Theorem II. H this is immediate from 
$Ar(x)|x^ — 1. In this paper we deal with this generalization for Theorems 11.21 
fand Ojl . 

It should be remarked that Corvaja and Zannier have made far-reaching gener- 
alizations of Theorem 11.11 in [5j, in other directions. 

In Section 2 we prove the above generalization for gcd($Af(a"), $Af(6'")) for any 
positive integer N under the Generalized Riemann Hypothesis (GRH). The expla- 
nation for this is that the generalization of Prachar's argument in this situation 
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leads to an application of the effective Chebotarev density theorem to a tower 
of Galois extensions L^/Q, where the exceptional zeros of the corresponding zeta 
functions of the are required to be bounded away from 1 as goes to infinity 
0. Since we do not know if the exceptional zeros in our tower are bounded away 
from 1, we apply the stronger GRH version of the effective Chebotarev density 
theorem in which there are no exceptional zeros. An additional attempt to avoid 
GRH using the Bombieri- Vinogradov theorem has so far not been successful. 

Silverman |T2] has proved an analogue of Theorem 11.21 for the global function 
fields ¥g{T): 

Theorem 1.6. Let ¥q be a finite field and let a{T),b{T) G IFg(T) be nonconstant 
monic polynomials. Fix any power q'^ of q and any congruence class Uq + q^Tj G 
Z/g^Z. Then there is a positive constant c = c{a, b, q^) > such that 

deg(gcd(a(T)" - 1, 6(T)" - 1)) > cn 

for infinitely many n = uq {mod q^). 

In Section 3 we apply the method of Section 2 to prove (unconditionally) the 
corresponding cyclotomic generalization of Silverman's theorem. 

Acknowledgment. We are grateful to Zeev Rudnick, Ram Murty and Jeff La- 
garias for helpful discussions at various stages of the preparation of this paper. We 
also thank Joe Silverman for helpful comments on the initial draft. 

2. The case a, 6 g Z 



Theorem 2.1 (contingent on GRH). Let N be a positive integer, N = ti ■ ■ ■ t/ , < 

I2 < ■ ■ - ir, the factorization of N into primes. Let a,b be positive integers, rela- 
tively prime to N, which are not iith powers in Q for i = 1, r. Then there exist 
infinitely many positive integers n such that 

loggcd(<l>^(a"),<|.^(6")) > exp(-^^), 

log log n 

where c is a positive constant depending only on a, 6, A^. 



Proof. Suppose p is a prime congruent to 1 mod such that neither a nor 6 is a 
£jth power mod p for i = 1, ...,r. Suppose also that n is a positive integer prime 
to A^ and divisible by Then p \ gcd($jv (a"), $jv (&''))• Indeed, (a")^ = 1 

(mod p). The orders of a and of mod p are equal and divide A^. If a has order 
less than A^, then there is a prime ^\N such that a^/^ = 1 mod p, so a^'^'^^^ = 1 
mod p, whence a is an ith power mod p, contrary to hypothesis. The idea of 

^The 2-part of [Ld : Q] is unbounded as 0? — ?► 00 so the results of Stark and of Odlyzko and 
Skinner do not seem to apply. 
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the proof of the theorem, a generahzation of the proof in Prachar's paper, is to 
use the pigeonhole principle to produce, for large x, an n < x"^ with more than 
exp(c ^^'°j^g^, ) divisors of the form p prime, c an absolute constant. The result 
then follows. 

Fix < 5 < 1. Let x be a positive real number and let K = Ks{x) be the 
product of all the primes p < Slogx, p\ N. Let A be the set of pairs {m,p), m a 
positive integer, p a prime, m < x, p < x, gcd(m, N) = 1, p = 1 (mod N), p ^ 1 
(mod Nii), i = 1, ■■■,r, neither a nor b is an £jth power mod p, i = 1, ...,r, and 

Now for each d\K, let Ad be the subset of A consisting of pairs {m,p) G A such 
that {m, K) = K/d and d\'^^. Let Nq := ii - ■ ■ ir- We first bound \Ad\ from below 
by bounding the following subset of Ad of the form A'^ x A'^, where 

A'a = {m<x: (m, NqK) = K/d} 

and 

p — 1 

A'^ = {p < X : p = 1 mod N, p ^ 1 mod Nii, i = 1, ■■■,r, d \ ^ , 
and neither a nor b is an £jth power mod p, i = 1, t}. 

To bound \ A'^ x A'^\ from below, it suffices to bound each of \ A'^\ from below 
and take the product of the two lower bounds. 

First, writing d' = K/d, 

\A'^\ = \{m<x: d'\m,{m/d',NoK/d') = 1}\ = \{m/d' < x/d' : {m/d' , NoK/d') = 1}\ 

> <PiN,K/d')[^J^] = <f>{Nod)[x/NoK] 

where (p denotes Euler's ^-function and [— ] the integer part. 

To bound \A'^\ from below we use the effective form of Chebotarev's density 
theorem due to Lagarias and Odlyzko [S] as formulated by Serre [TT] under the 
generalized Riemann Hypothesis (GRH). 

The condition d \ ^jf- is equivalent to p = 1 (mod Nd), which is equivalent to 
p splits completely in Q{fJ,Nd), where /i„ denotes the group of nth roots of unity. 
The condition a is an ith power mod p {£ prime) is equivalent to the condition 
x^ — a has a root mod p, which for p = 1 modulo i is equivalent to the condition 
x^ — a splits into linear factors mod p, which is equivalent to the condition p splits 
completely in (the Galois extension) Q{fie, \/a) of Q, which for p = 1 (mod Nd) 
and i \ N is equivalent to p splits completely in Q{fiNd, yfa). 

Consider the Galois extension Fd = QifJ'NdNo^ ^V^^ of Q, with Galois 

group Gd = G{Fd/Q), and the subset 

Cd = G{Fd/Q{fiNd))\{[[jG{Fd/Q{fi Nd, ¥a))][J[[jG{Fd/Q{nNd, ^'i^))][J[[jG{Fd/Q{lJ'Nd£,))] 

i i i 
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of Gd- {Cd is the complement in the first group you see in the display, of the union 

of all the other (sub)groups you see in the display.) 

It is easily verified that Ca is Grf-invariant under conjugation, i.e. a union of 

conjugacy classes in Ga- 
it follows from the definition of that 

A'^^{p<x:p unramified in Fa, (p, Fa/Q) C 
where (p, Fd/Q) denotes the Artin symbol. Set 

^Cdi^) ■^\Ad\^\{P<^-P unramified in Fa, {p, F^/Q) CCd}\. 

By the effective Chebotarev density theorem cited above, under GRH for the 
Dedekind zeta function of F^, 

IC I IC I 

Rd{x) := \nca{x) - —^Li{x)\ < Ci—^x^/^ilogDF^ + nF^logx) 

\^d\ \^d\ 

where Ci is an absolute constant, Dp^ is the discriminant of Fd, np^ = [Fd : Q] is 
the degree of Fd over Q, and Li{x) is the logarithmic integral 

We have IG^I = 4>{Nd) where Cj = 2 or 3 according to whether or not a, b 

are multiplicatively dependent mod £jth powers in Q. 

Claim: \Cd\ = Uii^^ - IT' ■ 

Proof: First we look at the case r = 1 (A^ is a power of £i) and write £ = 
£i. We need an elementary observation. Let H be the direct product of three 
cyclic groups of order £: H = U x V x W with U, V, W cyclic of order £. Then 
{u, v,w)eH\{{UxV)U{VxW)U{UxW)) <^ u ^ l,v ^ l,w 1. Hence 
\H \ {{U xV)U{V xW)U{U xW))\ = {£- If. 

Now write G{Fd/Q{fJ.Nd)) = Hi x ■ ■ ■ x Hr, where Hi = Ui x Vi x Wi if a,h 
are multiplicatively independent mod £jth powers in Q, and Hi = Ui x Wi if not. 
The subgroups whose union we are looking at (in the definition of Cd) can be 
identified with the subgroups of the form HiX ■ ■ ■ Hi_i xUiXViX Hi^i X • • • X H^ 
or i^i X ■ ■ • Hi_i xViXWiX Hi^i x - ■ - xH^ oi HiX - ■ ■ Hi_i xUixWiX Hi^i x - ■ - xH^ 
for those i for which a, h are multiplicatively independent mod £jth powers in Q, 
and the subgroups Hi x ■ ■ ■ Hi_i x Ui x x ■■■ x Hr or Hi x ■■ ■ Hi_i x Wi x 
Hi+i X ■ ■ • X Hr ioT those i for which a, b are multiplicatively dependent mod 
£ith powers in Q. An element {hi,...,hr) is in the union of these <^=^ some 
hi e {Ui X Vi) U {V, X Wi) U {Ui X Wi) for i of the first kind, or hi e UU Wi for some 
i of the second kind. Hence {hi, hr) lies in the complement (in H) of the union 
<(=^ hi — {ui, Vi, Wi) with Ui,Vi,Wi ^ 1 for all i of the first kind and hi — {ui, Wi) 
with Ui,Wi ^ 1 for all i of the second kind. It follows that the complement has 
order Y\i{£i — 1)^% proving the claim. 
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We conclude that 



\Gd\ 0(ivrf)n.^r 

By [n], Prop. 5, p. 128, 

log/^Fd < ('^Fd - 1) logp + np^ lognpMp : p\Nahd}\. 

p\Nabd 

Now 

np, = (t){Nd)W^'^^ < (j){Nd)N^ = (j){N)N^(f){d), 

i 

SO 

log/^F, < (0(A^)Ar^0(c/)-l) log^(A^a6c/)+0(Ar)A^3^(c/)log(0(A^)Ar^0(c/)) log(A^a6rf) 
< 4){N)N^(\>{d) \og\Nabd) + (f){N)N^(j){d) \og{(f){N)N^(j){d)) \og{Nabd) 

< 2{(f){N)N^abf(f){d) hg^d 
= f{N,a,b)m log'd. 

It now follows that 

\M>\A',xA2 = \A'M'l\ = \A',M^) 

> <l>{Nod)[-f-]{^-^U{x) - cij^x^/^aogD^, + nj., logx)) 

> 0(iVorf)[^]p|(^^(x) - c,x'/'i\ogDj., + np, logx)) 
where Ci is an absolute constant. We now bound 

Li{x) — CiX^^'^{\og Dp^ + ^i^d log 3;) 

from below. First, 

logDj., + np^ logx < f{N, a, b)(j){d) log^ d + (j){N)N^(l){d) logx 

< g{N, a, b)(j){d) log^ x < g{N, a, b)x^ log x < g{N, a, b)x^+' 

(using (j){d) < d < K < x^ and logx < x" for any given e and sufficiently large x). 
From this. 



Li{x) - CiX^/\logDp^ + np^ logx) > CiX^+^+'g{N, a, b) > 



2 log X 4 log X 

(for sufficiently large x, using Li{x) ~ We then have 

X X \Cd\ 



\A',\7Cc,{x) > <P{Nod)[ 



NoKUlogx\Gd\ 



2^^ " ' NqK 4:\ogx (l){N)Nl (j){d) 



ON GCD{<i>N{a"),^N{b")) 

^ 1 (piNofx"^ h{N) 



^(j){N)N^K log X K log a;' 
It then follows that 

\A\ = y\A,\>^^yi = M^^2-w 

K logo; ^-^ K log a; 

d\K ^ d\K ^ 

hiN) x^ T"°g" 

> — ^ — '- 2'°g'°g== 

~ K log X 

where uj{K^ denotes the number of primes dividing K. For the last inequality we 
use [7], 22.2, p. 341, and 22.10, p. 355: 

^\ I i„„i„„ "^x-^^ ) — oi„„i„„ — A^ 



log log K 2 log log K 4 log log x 

Now the number of positive integers n < x^ such that K\n is at most Fur- 
thermore, for every pair (m^p) G A, rn^^ is such an n. Therefore there exists an 
n < such that K\n with at least 

\A\ h(N)^¥}2El. , . logx , , X / logx , 

> 2 log log X = n.{i\ ) exp[C2d- — log log x) > exp(c3- 



x'^/K logx log log X log log 



representations of the form m^jj-, for x sufficiently large, where 02,03 are abso- 
lute constants. It follows that GCD{^]^{a'^),^i\i{b'^)) is a product of at least 
exp(c3 j^'°^^g^ ) primes, hence is itself at least exp exp ( C4 i^^f^^ ^ ) • As n < x^ and 
is an increasing function (for x > e^), the last expression is > exp exp(c5 , 



log log X ^ V y Jr — i^jr-y^ log log n ^ 

□ 



The proof of Theorem 2.1 can be generalized to yield the following 

Theorem 2.2 (contingent on GRH). Let M,N he positive integers. Let D = 
gcd(M, N) and assume gcd{M/D, D) = gcd{N/D, D) = 1. Let L = lcm{M, N) = 
■ ■ ■ i^'' , ii < £2 < ■ ■ ■ C-r, the factorization of L into primes. Let a, b be positive 
integers, relatively prime to L, which are not iith powers in Q for i = l,...,r. 
Then there exist infinitely many positive integers n such that 

gcd($M(a"),$^(6")) > (exp(exp(-^^))), 

log log n 

where c is a positive constant depending only on a,b,N. 

The proof is similar to the proof of Theorem l2.lt we omit the details. Also here, 
the case M = 1, iV = 2 was proved unconditionally in 
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3. The case a = a{T), b = h(T) e ¥g{T) 

In this section we will generalize Silverman's Theorem 11.61 [12] : Let ¥q be a 
finite field and let a(T), b{T) G IFg(T) be nonconstant monic polynomials. Fix any 
power q'' of q and any congruence class nQ + q'^'Z G Z/g'^'Z. Then there is a positive 
constant c = c(a, b, q^) > such that 

deg(gcd(a(T)" - 1, 6(T)" - 1)) > cn 

for infinitely many n = no [mod q'^). 

The generalization will be as in the preceding section, replacing a{T)^ — 1 with 
(^rn{0'{T)'^) for an arbitrary fixed positive integer m. The proof will be similar in 
parts to the proof of Theorem 1, but there will be some changes in notation. 

Theorem 3.1. Let Fg be a finite field, and let m he a positive integer prime 
to q, m = < £2 < ■■■is, the factorization of m into primes. Let 

a{T),b{T) G IFg(T) be nonconstant monic polynomials which are not iith powers 
in Fg(T) for i = 1, s. Fix a power q^ of q, and any congruence class Uq + g'^Z G 
Z/g'^Z. Then there is a positive constant c = c{m, a, b, q'^) > such that 

deg(gcd(<l>^(a(T)"),$^(6(T)")) > cn 

for infinitely many n = Uq {mod q^). 

Proof. Assume first that (no, q) = 1. Choose the smallest positive integer r such 
that (r, m) = 1 and rmuo = —1 {mod q^). Let Q = g*, where t > k and g* = 1 mod 
mr (e.g. t = k(f){mr). Let n = ^ ~^ , where is a positive integer. Let vr = 7r(T) 
be a monic irreducible polynomial of degree N in Fq[T] not dividing a{T)b{T) 
(this holds e.g. if deg(7r) > deg(a(T)6(T))). Then, writing a = a{T),b = b{T), 
7r|$m('2"') if and only if a" is a primitive mth root of unity mod vr, i.e. a"*" = 1 
mod TT and a"^"/^ ^ 1 mod tt for every £\m. Substituting n = , this holds -v^^ 

qJV_1 

a ^ =1 {mod tt) 

and 

a re ^1 {mod vr) 

for all i\m. The first condition holds -x^ there exists A G Fq[T] such that a = 
{mod it). For such an A, the second condition is equivalent to 

QiV_l 

A I ^1 {mod tt) 

which is equivalent to saying that A is not an ith power mod vr, and since (r, i) = 1, 
this is equivalent to saying that a is not an ith power mod tt. It follows that the 
two conditions hold together <;=^ a is an rth power mod vr and a is not an ith power 
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mod TT for all £ dividing m. We conclude that 7r|$m(a'^) if and only if a is an rth 
power mod tt and a is not an £th power mod vr for all £ dividing m. Similarly, 
7r|$m(6") if and only if h is an rth power mod vr and h is not an £th power mod vr 
for all ^ dividing m. 

To count the number of vr dividing gcd($m(a"'), we will use an effective 

version of Chebotarev's density theorem for global function fields [B], p. 62, Prop. 
5.16. For this purpose, let 

F ■.= ¥qn{T){^, Vb) 

and let 

E:=FQ^(r)( V^, ^6,..., V^, 

Since degvr = N, tt splits completely in Fqjv(T). Therefore a and b are rth 
powers mod vr if and only if vr splits completely in F. Furthermore, a and 6 are not 
ith powers mod vr for all i dividing m if and only if vr does not split completely in 
¥QN(T)(^ya) nor in ¥QN(T)(\/b) for all i dividing m. Accordingly, proceeding as 
in Section 2, consider the Galois extension EF/¥q{T) with Galois group Gn, and 
let 

Cn = G{EF/¥q{T)) \ {[[jG{EF/F{ V^))] UU^(^^/^( '^))]}- 

i i 

Then vr splits completely in F and vr does not split completely in ¥QN{T){{/a) nor 
in ¥QN{T){</h) for all i dividing m, if and only if (vr, EF/¥q{T)) C Cn- 

Now the same counting argument as in the preceding section gives \G]S[\ = 
Nr'^Yli^T and = - IfK Applying [6J, p. 62, Prop. 5.16 (and 

observing that a conjugacy class can be replaced by any union of conjugacy classes 
in that theorem), we get 

|{7r G ¥q[T] : vr monic irreducible of degree N, {tt, EF/¥q{T)) C Cn}\ 



It follows that 



cieg(gcd($^(a(T)'^), <|.„(fe(T)'^)) > ^ ^j^l^]^. Q"" + 0(Q^/^)) 

for some constant not depending on A^, and n = Q'^ — 1. This proves Theorem 
2 when {no,q) = 1. The case {nQ,q) ^ 1 follows from the case {no,q) = 1 as in 

m. □ 



This is an effective Chebotarev density theorem for global function fields, implied by the 
Riemann Hypothesis for curves over finite fields, which is a theorem. 
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As in the previous section, the proof of Theorem 3.1 can be generahzed to yield 
the following 

Theorem 3.2. Let¥g be a finite field, u,v be positive integers, d = gcd{u,v), and 
assume gcd{u/d,d) = gcd{v/d,d) = 1. Let a — a{T), resp. b = b{T) G Fg[T] be 
monic nonconstant polynomials which are not £th powers in Fq[T] for all i\u, resp. 
£\v. Fix a power of q, and any congruence class uq + g*^Z £ "L/q^X. Then there 
is a positive constant c = c{u, v, a, b, q^) > such that 

deg(gcd($4a(T)"),$,(6(T)")) > en 

for infinitely many n = no {mod q^) . 

The details are omitted. 
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